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Questions
1. Find d

d𝑥9(𝑥 + 𝑥2).

2. 𝑓(𝑥, 𝑦) = 3𝑥2𝑦. Find ∇𝑓(𝑥, 𝑦).

3. 𝑓(𝑥, 𝑦) = 3𝑥2𝑦 and 𝑔(𝑥, 𝑦) = 2𝑥 + 𝑦8.

a. Find the Jacobian containing ∇𝑓(𝑥, 𝑦) and ∇𝑔(𝑥, 𝑦) in numerator layout.

b. Find the Jacobian containing ∇𝑓(𝑥, 𝑦) and ∇𝑔(𝑥, 𝑦) in denominator layout.

4. Let ⃗y = ⃗f(x⃗) = 𝑓𝑖(𝑥𝑖) = 𝑥𝑖. Show that 𝜕y⃗
𝜕x⃗ = 𝐼 .

5. ⃗y = ⃗f(w⃗) ○ g⃗(x⃗) = 𝑓𝑖(𝑤𝑖) ○ 𝑔𝑖(𝑥𝑖). Prove the following identities.

a. If ⃗y = ⃗f(w⃗) ⊕ g⃗(w⃗),

i. show that 𝜕(w⃗⊕x⃗)
𝜕w⃗ = 𝐼 .

ii. show that 𝜕(w⃗⊕x⃗)
𝜕x⃗ = 𝐼 .

b. If ⃗y = ⃗f(w⃗) ⊖ g⃗(w⃗),

i. show that 𝜕(w⃗⊖x⃗)
𝜕w⃗ = 𝐼 .

ii. show that 𝜕(w⃗⊖x⃗)
𝜕x⃗ = −𝐼 .

c. If ⃗y = ⃗f(w⃗) ⊗ g⃗(w⃗),

1

https://forbo7.github.io/about.html
https://explained.ai/matrix-calculus/#notation
https://www.linkedin.com/in/terence-parr/
https://www.fast.ai/about.html#jeremy-howard


i. show that 𝜕(w⃗⊗x⃗)
𝜕w⃗ = diag(x⃗).

ii. show that 𝜕(w⃗⊗x⃗)
𝜕x⃗ = diag(w⃗).

d. If ⃗y = ⃗f(w⃗) ⊘ g⃗(w⃗),

i. show that 𝜕(w⃗⊘x⃗)
𝜕w⃗ = diag(⋯ 1

𝑥𝑖
⋯).

ii. show that 𝜕(w⃗⊘x⃗)
𝜕x⃗ = diag(⋯ − 𝑤𝑖

𝑥2
𝑖
⋯).

6. ⃗y = ⃗f(x⃗) ○ g⃗(𝑧) = x⃗ ○ ⃗1𝑧. Prove the following identities once with matricies and once with

a general form of the equation.

a. 𝜕(x⃗⊕𝑧)
𝜕x⃗ = 𝐼

b. 𝜕(x⃗⊕𝑧)
𝜕𝑧 = ⃗1

c. 𝜕(x⃗⊗𝑧)
𝜕x⃗ = 𝐼𝑧

d. 𝜕(x⃗⊗𝑧)
𝜕𝑧 = x⃗

7. 𝑦 = sum( ⃗f(x⃗)) = ∑𝑛
𝑖=1 𝑓𝑖(x⃗), where 𝑓𝑖(x⃗) ≠ 𝑥𝑖. Show that

𝜕𝑦
𝜕x⃗ = [∑𝑖

𝜕𝑓𝑖(x⃗)
𝜕𝑥1

∑𝑖

𝜕𝑓𝑖(x⃗)
𝜕𝑥2

⋯ ∑𝑖

𝜕𝑓𝑖(x⃗)
𝜕𝑥𝑛

].

8. 𝑦 = sum(x⃗). Show that ∇𝑦 = ⃗1𝑇 .

9. 𝑦 = sum(x⃗𝑧).

a. Show that 𝜕𝑦
𝜕x⃗ = ⃗1𝑇 𝑧.

b. Show that 𝜕𝑦
𝜕𝑧 = sum(x⃗).

10. Find d
d𝑥 sin(𝑥2).

11. 𝑦 = ln(sin2(𝑥3)). Find d𝑦
d𝑥 .

12. 𝑦 = 𝑓(𝑥) = 𝑥 + 𝑥2. Solve for d𝑦
d𝑥  using total derivatives.

13. Show that 𝜕𝑓(𝑥1,𝑢1,…,𝑢𝑛)
𝜕𝑥 = 𝜕𝑓

𝜕𝑥 + ∑𝑛
𝑖=1

𝜕𝑓
𝜕𝑢𝑖

𝜕𝑢𝑖
𝜕𝑥 , where 𝑢1, 𝑢2, …, 𝑢𝑛 are all functions of 𝑥.

a. Further simplify 𝜕𝑓
𝜕𝑥 + ∑𝑛

𝑖=1
𝜕𝑓
𝜕𝑢𝑖

𝜕𝑢𝑖
𝜕𝑥  to ∑𝑛+1

𝑖=1
𝜕𝑓
𝜕𝑢𝑖

𝜕𝑢𝑖
𝜕𝑥 .

14. 𝑓(𝑥) = sin(𝑥 + 𝑥2). Solve for 𝜕𝑓(𝑥)
𝜕𝑥 .
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15. 𝑦 = 𝑥 ⋅ 𝑥2. Solve for d𝑦
d𝑥  using total derivatives.

16. ⃗y = ⃗f(𝑥) = [𝑦1(𝑥)

𝑦2(𝑥)
] = [𝑓1(𝑥)

𝑓2(𝑥)
] = [ ln(𝑥2)

sin(3𝑥)
]. Find 𝜕y⃗

𝜕𝑥 .

17. ⃗y = ⃗f(g⃗(𝑥)). Show that 𝜕y⃗
𝜕𝑥 = 𝜕 ⃗f

𝜕 ⃗g
𝜕 ⃗g
𝜕𝑥 .

18. ⃗y = ⃗f(g⃗(x⃗)), where 𝑓𝑖(x⃗) = 𝑔𝑖(x⃗) = 𝑥𝑖.

a. Show that 𝜕 ⃗f
𝜕 ⃗g = diag(𝜕𝑓𝑖

𝜕𝑔𝑖
).

b. Show that 𝜕 ⃗g
𝜕x⃗ = diag( 𝜕𝑔𝑖

𝜕𝑥𝑖
).

c. Show that 𝜕
𝜕x⃗

⃗f(g⃗(x⃗)) = diag(𝜕𝑓𝑖
𝜕𝑔𝑖

𝜕𝑔𝑖
𝜕𝑥𝑖

)

19. 𝑦 = max(0, w⃗ ⋅ x⃗ + 𝑏).

a. Find 𝜕(w⃗⊗x⃗)
𝜕w⃗ .

b. Now find 𝜕 sum(u⃗)
𝜕u⃗ , where u⃗ =

⎣
⎢
⎡

𝑢1
𝑢2

⋮
𝑢𝑛⎦

⎥
⎤.

c. Therefore, find

i. 𝜕(w⃗⋅x⃗+𝑏)
𝜕w⃗ .

ii. 𝜕(w⃗⋅x⃗+𝑏)
𝜕𝑏 .

d. Let 𝑧 = w⃗ ⋅ x⃗ + 𝑏, ∴ 𝑦 = max(0, 𝑧). Find 𝜕𝑦
𝜕𝑧 .

e. Finally, find

i. 𝜕𝑦
𝜕w⃗ .

ii. 𝜕𝑦
𝜕𝑏 .

20. The MSE (Mean Squared Error) for two values is given by ( ̂𝑦−𝑦)2

2 , where 𝑦 denotes a prediction

and ̂𝑦 denotes the corresponding target.

a. If we have multiple data samples that are stored in another vector, X⃗ = [x⃗1 x⃗2 ⋯ x⃗𝑛]𝑇 , and

the targets for each sample are stored in ⃗y = [𝑦1 𝑦2 ⋯ 𝑦𝑛]𝑇 , and that a prediction is given
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by max(w⃗ ⋅ x⃗𝑖 + 𝑏), show that the MSE simplifies to 1
𝑁 ∑𝑁

𝑖=1 (𝑦𝑖 − max(0, w⃗ ⋅ x⃗𝑖 + 𝑏))2,

where 𝑁 = |𝑋|.

b. Find 𝜕(w⃗⋅x⃗𝑖+𝑏)
𝜕w⃗ .

c. Find 𝜕 max(w⃗⋅x⃗𝑖+𝑏)
𝜕w⃗ .

d. Find 𝜕(𝑦𝑖− max(w⃗⋅x⃗𝑖+𝑏))
𝜕w⃗ .

e. Find 𝜕(𝑦𝑖− max(w⃗⋅x⃗𝑖+𝑏))
𝜕w⃗

2
.

f. Finally, find 𝜕 MSE
𝜕w⃗ = 𝜕

𝜕w⃗( 1
𝑁 ∑𝑁

𝑖=1 (𝑦𝑖 − max(0, w⃗ ⋅ x⃗𝑖 + 𝑏))2). Simplify the answer by

letting 𝑒𝑖 = w⃗ ⋅ x⃗𝑖 + 𝑏 − 𝑦𝑖.

g. Similarly, solve for 𝜕 MSE
𝜕𝑏  and simplify with 𝑒𝑖.

h. Instead of finding the partial derivative with respect to w⃗ and 𝑏 separately, we can let

ŵ = [w⃗𝑇 𝑏]𝑇  and let x̂𝑖 = [x⃗𝑇
𝑖 1], and instead solve for 𝜕 MSE

𝜕ŵ . Solve for 𝜕 MSE
𝜕ŵ  and simplify

by letting 𝑒𝑖 = ŵ ⋅ x̂𝑖 − 𝑦.
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Answers
1. d

d𝑥9(𝑥 + 𝑥2) = 9 + 18𝑥

2. ∇𝑓(𝑥, 𝑦) = [6𝑥𝑦
3𝑥2

]

3.      

a. 𝐽 = [6𝑥𝑦
2

3𝑥2

8𝑦7]

b. 𝐽 = [6𝑥𝑦
3𝑥2

2
8𝑦7]

10. d
d𝑥 sin(𝑥2) = 2𝑥 cos(𝑥2)

11. d𝑦
d𝑥 = 6𝑥2 cos(𝑥3)

sin(𝑥3)

12. d𝑦
d𝑥 = 1 + 2𝑥

13.      

a. Let 𝑥 = 𝑢𝑛+1. Then 𝜕𝑓(𝑢1,…,𝑢𝑛+1)
𝜕𝑥 = ∑𝑛+1

𝑖=1
𝜕𝑓
𝜕𝑢𝑖

𝜕𝑢𝑖
𝜕𝑥 .

14. d𝑓(𝑥)
d𝑥 = cos(𝑥 + 𝑥2)(1 + 2𝑥)

15. d𝑦
d𝑥 = 3𝑥2

17. dy⃗
d𝑥 = [

2
𝑥

3 cos(3𝑥)
]

19.      
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a. 𝜕(w⃗⊗x⃗)
𝜕w⃗ = diag(x⃗)

b. 𝜕 sum(u⃗)
𝜕u⃗ = ⃗1𝑇

c. i. 𝜕𝑦
𝜕w⃗ = x⃗𝑇

ii. 𝜕𝑦
𝜕𝑏 = 1

d. 𝜕𝑦
𝜕𝑧 = {0 𝑧≤0

1 𝑧>0

e. i. 𝜕𝑦
𝜕w⃗ = {0⃗𝑇  w⃗⋅x⃗+𝑏≤0

x⃗𝑇  w⃗⋅x⃗+𝑏>0

ii. 𝜕𝑦
𝜕𝑏 = {0 w⃗⋅x⃗+𝑏≤0

1 w⃗⋅x⃗+𝑏>0

20.      

a. For a single sample, MSE = (𝑦−(w⃗⋅x⃗+𝑏))2

2 . Therefore, for multiple samples,

MSE = 1
𝑁 ∑𝑁

𝑖=1 (𝑦𝑖 − (w⃗ ⋅ x⃗𝑖 + 𝑏))2.

b. 𝜕(w⃗⋅x⃗𝑖+𝑏)
𝜕w⃗ = x⃗𝑇

𝑖

c. 𝜕 max(0,w⃗⋅x⃗𝑖+𝑏)
𝜕w⃗ = {0⃗𝑇  w⃗⋅x⃗+𝑏

x⃗𝑇
𝑖  w⃗⋅x⃗i+𝑏

d. 𝜕(𝑦𝑖− max(0,w⃗⋅x⃗i+𝑏))
𝜕w⃗ = {0⃗𝑇  w⃗⋅x⃗i+𝑏≤0

−x⃗𝑇
𝑖  w⃗⋅x⃗+𝑏>0

e. 𝜕(𝑦𝑖− max(0,w⃗⋅x⃗i+𝑏))2

𝜕w⃗ = {0⃗𝑇  w⃗⋅x⃗+𝑏≤0
−2(𝑦𝑖− max(w⃗⋅x⃗i+𝑏))x⃗𝑇

𝑖  w⃗⋅x⃗i+𝑏>0

f. 𝜕
𝜕w⃗( 1

𝑁 ∑𝑁
𝑖=1 (𝑦𝑖 − max(0, w⃗ ⋅ ⃗xi + 𝑏))2) = {

0⃗𝑇  w⃗⋅x⃗i+𝑏≤0
2
𝑁 ∑𝑁

𝑖=1 𝑒𝑖x⃗𝑇
𝑖  w⃗⋅x⃗i+𝑏>0

g. 𝜕
𝜕𝑏(

1
𝑁 ∑𝑁

𝑖=1 (𝑦𝑖 − max(0, w⃗ ⋅ ⃗xi + 𝑏))2) = {
0⃗𝑇  w⃗⋅x⃗i+𝑏≤0
2
𝑁 ∑𝑁

𝑖=1 𝑒𝑖 w⃗⋅x⃗i+𝑏>0

h. 𝜕
𝜕ŵ( 1

𝑁 ∑𝑁
𝑖=1 (𝑦𝑖 − max(0, ŵ ⋅ x̂))2) = {

0⃗𝑇  ŵ⋅x̂≤0
2
𝑁 ∑𝑁

𝑖=1 𝑒𝑖x̂𝑇
𝑖  ŵ⋅x̂>0
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